The generalized Gibbs ensemble has been shown to be relevant in the relaxation of a completely integrable system subject to a quantum quench, in the sense that it accurately predicts the steady values of some physical variables. We proceed to further question its relevance by giving the quenched system a second quench. The concern is whether the generalized Gibbs ensemble can also accurately predict the relaxed system's response to the second quench. Two case studies with the transverse Ising model and the hard-core bosons in one dimension yield an affirmative answer. The relevance of the generalized Gibbs ensemble in the non-equilibrium dynamics of integrable systems is then greatly strengthened.
The generalized Gibbs ensemble has been shown to be relevant in the relaxation of a completely integrable system subject to a quantum quench, in the sense that it accurately predicts the steady values of some physical variables. We proceed to further question its relevance by giving the quenched system a second quench. The concern is whether the generalized Gibbs ensemble can also accurately predict the relaxed system's response to the second quench. Two case studies with the transverse Ising model and the hard-core bosons in one dimension yield an affirmative answer. The relevance of the generalized Gibbs ensemble in the non-equilibrium dynamics of integrable systems is then greatly strengthened. Recently, non-equilibrium dynamics of many-body systems has attracted a lot of attention [1] . One common concern is whether an initially out-of-equilibrium system can thermalize to behave like a textbook Gibbs ensemble, and how integrability [2, 3] or non-integrability of the system will affect its relaxation dynamics. An important achievement on this issue is identification of the relevance of the generalized Gibbs ensemble (GGE) in the relaxation dynamics of a completely integrable system [4] . The so called generalized Gibbs ensemble is constructed according to the principle of maximum entropy [5] while taking into account all the constants of motion, whose values are determined by the initial state. With the same philosophy behind the construction, it is a natural counterpart of the usual Gibbs ensembles for a nonintegrable system. So far, the GGE has been found to predict correctly the asymptotic values of physical variables in a variety of integrable systems [1, 4, [6] [7] [8] [9] [10] [11] [12] [13] .
The fact that asymptotically, the true, constantly evolving system agrees well with the GGE on the physical quantities is definitely a non-trivial and pleasant one. However, one should not be content with this fact only. Our daily experience in the (mostly non-integrable) macroscopic world is that, if a system relaxes to some steady state, it relaxes in the sense that not only its static properties (i.e. values of the physical quantities) but also its dynamical properties agree with the steady state. To be specific, the system should respond to later perturbations as if it were indeed in the steady state. Therefore, it is necessary to check whether the GGE has this merit. If so, it surely adds to the relevance of the GGE in the non-equilibrium dynamics of a completely integrable system. It would mean that the true system is hardly distinguishable from the GGE neither by static nor dynamical criterions, and it would be fair to say the system has thermalized as much as possible.
Motivated by this problem, we have studied the transverse Ising model and the hard-core bosons in onedimension (which can also be mapped to the XX model) individually. The two models are integrable and both have been shown to admit a GGE account of their asymptotic behaviors after a quantum quench. Here our idea is to give them a second quench when they have reached the steady phase [14] . The concern is whether they will respond as if the systems were in the GGE states. The result turns out to be the case.
Transverse Ising model.-The Hamiltonian of the model is
Pauli matrices acting on a 1/2-spin at site l. Here periodic boundary condition is assumed and N is an even integer large enough. Below, quenches of the system correspond to changing the value of g (strength of the transverse magnetic field) suddenly. We will consider a double quench scenario. Initially the value of g is g 0 and the system is in its ground state |G 0 . Then the value of g is changed successively to g 1 and g 2 .
Under the Jordan-Wigner transform (σ 
with a constant term dropped [15] . Note that here the boundary condition is anti-periodic [16] . Taking the Fourier transform
so as to comply with the anti-periodic boundary condition, we can rewrite the Hamiltonian as (φ k = 2πk/N )
It is ready to verify that b k and b † −k are coupled in their equations of motion and this suggests the Bo-
Here again the constant term is dropped. Note that u k , v k , θ k , and ε k all depend on g. The dependence will be displayed explicitly when necessary.
We are interested in the correlation functions σ
. Here the expectation values may be taken with respect to various states as shown below. Introducing A l = a † l + a l and B l = a † l − a l , we can rewrite them as σ [15] . These forms allow us to use Wick's theorem to do the calculation. The correlation functions will be decomposed into sums of products of the basic correlators A l A m , B l B m , and B l A m .
The initial state |G 0 is defined as η k (g 0 )|G 0 = 0 for all k, or explicitly, |G 0 ∝ k η k (g 0 )|ψ where |ψ can be an arbitrary state as long as η k (g 0 )|ψ = 0. After the first quench of changing g from g 0 to g 1 at t = 0, we have G 0 |A l (t)A m (t)|G 0 → δ lm for t large enough [17, 18] , and similarly
l,m , which has the value of
Here and hereafter ∆θ
and
As for the transverse magnetization, Ψ 0 |M z (t)|Ψ 0 has the asymptotic value of
On the other hand, from g 0 to g 1 , the (first) GGE density matrix is defined as
with the Lagrange multiplier λ
l,m . Here the subscript means averaging over ρ gge1 . Thus the basic correlators are of the same values with respect to the GGE density matrix ρ gge1 and the evolving state e −iH(g1)t |G 0 for t large enough. This fact then indicates that the asymptotic values of the correlation functions (2) and (3) can be recovered with the GGE. Likewise, the asymptotic value of the transverse magnetization (4) is exactly predicted by the GGE, i.e., M
(1) z = tr(M z ρ gge1 ) [1, 16] . Now consider giving the system a second quench, i.e., changing the value of g from g 1 to g 2 at some time t = t 1 . It is tedious but straightforward to show that at the time of t = t 1 + t 2 , for large t 2 [16] , G 0 |A l (t)A m (t)|G 0 ≃ δ lm +oscillating terms depending on t 1 , and similarly G 0 |B l (t)B m (t)|G 0 ≃ −δ lm +oscillating terms depending on t 1 . However,
l,m +oscillating terms depending on t 1 , where
As for the transverse magnetization,
z +oscillating terms depending on t 1 , with
The oscillating terms depending on t 1 consist of O(N ) components of different non-zero frequencies and thus they virtually vanish for t 1 large enough. Therefore, for t 1 and t 2 large enough, the correlation functions G 0 |σ z . On the other hand, if the second quench is imposed on the first GGE density matrix ρ gge1 , we have the same asymptotic behaviors of the basic correlators and the transverse magnetization for large t 2 . That is,
and the average is taken over ρ gge1 . We see that the transverse magnetization as well as the basic correlators possess the same asymptotic values regardless of the initial state being e −iH(g1)t1 |G 0 or ρ gge1 . The latter fact implies that the correlation functions have the same property. However, it is not only the asymptotic values that can be accurately reproduced by using ρ gge1 as a substitute for e −iH(g1)t1 |G 0 . In Fig. 1 , the transient dynamics of M z after the second quench is shown. There we see that as long as t 1 is large enough, the relaxation dynamics of M z (the correlation functions have the same property; see the supplementary material) is independent of t 1 and can be reproduced by ρ gge1 even to minute details. Therefore, as long as t 1 is large enough, or as long as the second quench comes when the system has equilibrated to agree with the first GGE ρ gge1 after the first quench, the model reacts as if it were indeed in the GGE state ρ gge1 . That is, the GGE density matrix ρ gge1 can serve as a pseudo-initial state to the second quench.
Finally, for the quench of ρ gge1 , we can define a second GGE density matrix as
with the parameter λ
The point is that the basic correlator G (2) l,m in (6) and the transverse magnetization in (7) can be exactly reproduced by ρ gge2 . This is one more support of the argument that ρ gge1 can serve as a pseudo-initial state to the second quench.
Expansion of hard-core bosons in a one dimensional lattice.-To make contact with previous works, the scenario studied below is an extension of that in Ref. [4] . There are N hard-core bosons and there is a lattice of M 2 sites, which are numbered from 1 to M 2 . Initially the N bosons are confined to the M 0 middle sites by hardwalls on the two sides and the system is in the ground state, which is denoted as ψ 0 . At t = 0, the hard-walls are suddenly moved outward symmetrically so that now M 1 sites are contained. The system then evolves and as found by Rigol et al. [4] , the GGE plays an important role in the ensuing dynamics-the momentum distribution of the bosons in its steady value is accurately captured by the GGE density matrix Ξ gge1 (see below). Our idea is then at some time t 1 , when the momentum distribution has settled down to its steady value, to increase the volume to M 2 sites and let the bosons expand once again. The aim is to see whether the subsequent dynamics can be accurately reproduced with the initial state (to the second expansion) ψ(t 1 ) replaced by Ξ gge1 . Note that since the latter is time independent, this necessarily requires that the subsequent dynamics be insensitive to the specific value of t 1 as long as it is large enough to belong to the steady regime.
In the intervals of t ≤ 0, 0 < t < t 1 , and t ≥ t 1 , the volume (number of sites) of the system is M 0 , M 1 , and M 2 , and thus the corresponding Hamiltonians will be denoted as H 0 , H 1 , and H 2 , respectively. They are of the form
Here J is the hopping strength, and L i = (M 2 − M i )/2 + 1 and R i = (M 2 + M i )/2 denote the left-and right-most sites accessible to the bosons, respectively. The creation and annihilation operators satisfy the usual bosonic commutation relations plus the hard-core constraint b 2 j = b †2 j = 0, so that each site can be occupied by at most one boson. By using the Jordan-Wigner transformation
is the fermionic annihilation (creation) operator, H i is mapped to a free fermion one,
This Hamiltonian can be readily diagonalized as
The initial state is then simply a Fermi-sea state
From H 0 to H 1 , the wave function evolves as ψ(t 1 ) = e −iH1t1/ ψ 0 , and the (first) GGE density matrix is de-
q ]. Here the parameter λ (1) q is determined by the initial state,
q |ψ 0 , and Θ 1 is a normalization factor (or partition function). It is found in [4] , argued in [12] , and verified in Fig. 2 below that for t 1 large enough, the momentum distribution (or populations on the quasi-momentum states, here
with respect to ψ(t 1 ) can be accurately reproduced by using Ξ gge1 , i.e., ψ(t 1 )|F 1 (k)|ψ(t 1 ) ≃ tr(F 1 (k)Ξ gge1 ). Now from H 1 to H 2 , the H 2 -evolved wave function at t = t 1 +t 2 is given by ψ(t 1 +t 2 ) = e −iH2t2/ ψ(t 1 ). For our purpose, we replace the "initial" state ψ(t 1 ) by Ξ gge1 and define the H 2 -evolved GGE density matrix Ξ gge1 (t 2 ) = e −iH2t2/ Ξ gge1 e iH2t2/ . We then study the momentum
with respect to ψ(t 1 + t 2 ) and Ξ gge1 (t 2 ). The results are shown in Fig. 2 . In the insert of Fig. 2 , we see that after the first expansion, the population on the k = 0 quasi-momentum state ψ(t 1 )|F 1 (k = 0)|ψ(t 1 ) relaxes to the steady value predicted by the GGE density matrix Ξ gge1 eventually. This proves the predictive power of the GGE after the first expansion. What Fig. 2 highlights is that, if the time of the second expansion t 1 is chosen to belong to the steady regime, the later evolution of the population on the k = 0 quasi-momentum state ψ(t 1 + t 2 )|F 2 (k = 0)|ψ(t 1 + t 2 ) can be accurately reproduced by tr(F 2 (k = 0)Ξ gge1 (t 2 )). Their lines coincide with each other not only in the asymptotic limit but even on details during the transitory period. Note that since the latter is independent of t 1 , this necessarily implies that the former is insensitive to the value of t 1 , as is indeed the case. Overall, Fig. 2 is a remarkable demonstration of the fact that the GGE density matrix Ξ gge1 shares with the relaxed state ψ(t 1 ) not only the value of the momentum distribution, but also the response to a second quench. Or in the perspective of the state ψ(t 1 ), it has relaxed to be virtually indistinguishable from the GGE state Ξ gge1 , neither by static nor dynamical criterions.
In Fig. 2 , we have also studied whether the steady value ofF 2 (k = 0) after the second quench can be described by a second GGE density matrix Ξ gge2 , which is defined as Ξ gge2 = q |ψ(t 1 ) depending on whether the "initial" state is Ξ gge1 or ψ(t 1 ). The result is that the second GGEs do predict the steady values correctly; moreover, they agree with each other very well. This is one more evidence that the relaxed wave function ψ(t 1 ) is virtually indistinguishable from the GGE Ξ gge1 .
In summary, we have investigated and verified the relevance of the GGEs in the dynamical response of the two integrable models of transverse Ising model and onedimensional hard-core bosons. Once having relaxed to have its properties correctly predicted by the GGE, the system behaves as if it were indeed in the GGE stateits response to the second quench can be accurately reproduced by the GGE even to details. On one hand, this result is a welcome complement to previously established result that the GGEs are relevant in predicting the static properties of the systems after the first quench. The two now combine to present a more complete story of the GGE and beckon more confidence on it. On the other hand, this result also gives us a sense of "dynamical typicality" [19] , which is also observed in the (nonintegrable) Bose-Hubbard model previously [14] . Finally, though here we have been dealing with integrable systems only, a lesson may also be drawn for non-integrable systems. A closed non-integrable system might well be a pure state yet virtually indistinguishable neither by static nor by dynamic criterions from a canonical ensemble.
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